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ON THE DIFFERENTIABILITY
OF LIPSCHITZ-BESOV FUNCTIONS

JOSE R. DORRONSORO

ABSTRACT. L™ and ordinary differentiability is proved for functions in the
Lipschitz-Besov spaces B2'?, 1 < p < 00, 1 < ¢ < 00, a > 0, using certain
maximal operators measuring smoothness. These techniques allow also the
study of lacunary directional differentiability and of tangential convergence of
Poisson integrals.

1. Introduction. The differentiability properties of functions in the Sobolev
spaces L}, 1 < p < o0, k €N, (i.e., L? functions f whose weak partials of order k
are also in LP) are very well known. For instance, if k > n/p and f € L%, f has a.e.
an ordinary differential of order k; that is, for a.e. z € R™ f(z +y) — Prf(y,z) =
o(Jy|*), with Py f the Taylor polynomial of f at ,

J
Pefly,n) = Y L

[JI<k

where for each n-index J = (j;,...,Jn) € N, f; denotes the Jth order weak partial
of f.

If k < n/ponly LP" differentiability is possible, p* = np/n — ap; more precisely,
if f € L, f has a kth order LP" differential (or a (p*, k) differential) a.e.; that is,
for a.e. z

1/p®
(][ If(z+y— Pefl(y,2)” dy) = o(t*),
ly|<t

where f.. f denotes the mean [y, fdz/|E|. Finally, if k = n/p, p* = o0, and any
f €L}, hasan (r,k) differential a.e. for all r < oo.

Of course, functions in Lz have also lower order differentials and for them the
exceptional set becomes smaller. In fact, denoting by B, , the Bessel capacity
associated with LI (see [My] for its definition), given m € N with 0 < m < k,
any f € L¥ has Bx_pmp a.e. a (p*,m) differential if kK < n/p, an (r,m) differential
for any r < oo if k = n/p, and an (co,m) differential (i.e., an mth order ordinary
differential) if K > n/p (if K — m > n/p by Bx_m p a.e. we mean everywhere).

Starting with the work of Calderén and Zygmund [CZ], these results and the
corresponding ones for the Bessel potential spaces L2 = {f = J,g: g € LP},
Jo being the Bessel potential operator, a > 0, 1 < p < oo, have been studied
by several authors, among them C. P. Calderén, Fabes and Riviere [CFR] and
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T. Bagby, Deignan, Federer and Ziemer [BZ, DZ, FZ]. The purpose of this paper
is to deal with these questions in the context of the Lipschitz-Besov spaces B?9,
a>0,1<p<oo,1<q< o0, of those LP functions f such that

/R,, I AL S ONIE dy = |£lap.q,

where Ay f(z) = f(z +y) — f(z) and k = [a] + 1; with the norm ||f|lgp,, =
Ifllp + |fla,p,q» BE? becomes a Banach space (see [St] or [T] for more properties
of B??). For an integer k, we have the embeddings B{? C L}, with 1 < ¢ < p if
p<2and1<q<2ifp>2[St, Chapter V] which inmediately give kth order
differentiability results for these ranges of q. In general, these results cannot be
improved: for instance, the one variable function

f(z) =g(z) (i 27"~ Y2 cos 2"2:)
1

with g€ C°, g=11if |z]| <1, g =0 if |z| > 2, belongs to BY?, p > 2, ¢ > 2 but is
differentiable only in a zero measure set [Z, pp. 47 and 206).

Therefore, we will concentrate in the study of lower order differentials, for which
the full range 1 < ¢ < oo can be considered. In this context partial results have
been given by D. Adams [Ad1], Neugebauer [N1, N2|, and Stocke [Sto], and all
follow the pattern set by the L? cases. In fact, if a > n/p one should expect ordinary
differentiability to hold, whereas if a < n/p, because of Herz’s imbedding theorem,
only L™ differentiability, » < p*, is to be expected in the full range 1 < g < o0,
while LP" differentiability should hold for restricted values of q. Also, we can
consider a capacity type set function A, p,, associated to BE? (more precisely, a
family A, ,, 0 < s < a, of set functions, all having the same zero sets; see §2),
and the exceptional sets should be measured in terms of the corresponding Besov
capacities. We postpone their definition until §2, and state now our main results.

THEOREM 1. Given f € BP9, a > 0,1 < p < 00,1 < ¢ < o0, and a real
number b with 0 < b < a, then

(i) ¢f a < n/p, for any r < p* f has an (r,b) differential Aq_p pq a.e.;

(ii) ifa > n/p, f has an (00,b) differential Ag_ppq a.€. (ifa—b>n/p, Aabypq
a.e. 18 to be interpreted as e.e.)

(For nonintegral b, we mean by (r,b) differentiability that

1/r
<][ |f(z+y) = Pof(y,2)" dy) = o(t?),
lyl<t

where P, f denotes the [b]th order Taylor polynomial of f at z; for (0o, b) differentials
just change the L™ norm to an L* norm).

As mentioned above, although this result is quite satisfactory if a > n/p, one
should have p* differentiability for certain ¢’s when a < n/p. This is indeed the
case if 1 < ¢ < p, but the measure of the exceptional set is then less precise, because
of the following fact: if ¢ > p any set of zero H™~ " Hausdorff measure has also
zero Ag,p,q capacity [Ad1], but this is not presently known to hold of 1 < ¢ < p
(see however [Ad2]); we are thus forced to introduce another set function, the
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bracket [H™ %P, A, p 4] (see [Ad1l, N1] and §2); as we shall see, if H*%P(E;) =
A pq(E2) = 0, then [H" %P, A, , 4|(E1 U E3) = 0. We now have the following
theorem.

THEOREM 2. Iff€BP, 1<p<oo,a<n/p,1<qg<pandbwith0<b<a
is given, f has a (p*,b) differential [H*~(@=0P A, ] a.e.

Note that any f € BPP has then a (p*,b) differential A,_pp, a.e. (and hence
Bgy_p,p a.e.; see [Ad 2]).

The proofs of these theorems rely on estimates for certain maximal operators first
introduced by A. P. Calderén and Scott [CS] and extensively studied by DeVore and
Sharpley [DVS]. They can also be used to study lacunar directional differentiability
of Lipschitz functions. More precisely, given a point u € S,,_1, the unit sphere in
R"™, we will say that f has lacunar differential of order b in the direction u at a
point z € R"™ if

Jim 291/(z +275) = Pof (2 Fu,2)] = 0.

If f € L2, C. Calderén [CC2] has recently proved the existence B,_pp a.e. of
a lacunary differential of order b in the direction of each u € S,_; (note that such
an f can be essentially unbounded in any arbitrarily small ball). In the Lipschitz
case we have

THEOREM 3. If fe BP, a<n/p,1<p<o0,0<b<a,andueS,_q, f
has Ag_ppq a.e. a lacunar differential of order b in the direction of u.

Another application of these techniques is to study tangential convergence of
Poisson integrals of functions in B29. For potential spaces these type of results are
due to Nagel, Rudin, Shapiro and Stein [NRS, NS], and Mizuta [Mz] has studied
the case of B2P. In [Do] it is shown how tangential convergence can be related to
the regularity of the functions involved, and here we have

THEOREM 4. Ifz € R", ¢ > 0 and 1 < r < oo, consider the set D, ,(z) =
{(z,y): z€ R™y >0, |z — 2| < y*~°"/"}. Then:

(1) If1<p<o0,1<qg<00,a<n/pandb is such that 0 < b < a, the Poisson
integral u(z,y) of any f € BE? converges to f(z) inside Dy o(x) for Ag—bp,q .G
z € R" and any s < p.

(ii) If moreover, 1 < q < p, u(z,y) converges to f(z) inside Dyy(x) for

[Hn=(a=b)P A, 400 a.a. 2 € R™.

(Observe that if a > n/p, any f € BP? is continuous; also, if a = n/p, 1 < ¢ < p,
convergence inside regions with exponential contact holds for functions in B?9; see
[Mz, Do].)

This paper is organized as follows. §2 contains the definition and some properties
of Besov capacities, and the Calderén-Scott-DeVore-Sharpley maximal operators
are discussed in §3. Theorems 1 and 2 are proved in §4 and Theorems 3 and 4 in
§85 and 6 respectively.

2. Besov capacities. It is well known (see [St, p. 153]) that the Bessel poten-
tial operator Jp is an isomorphism between B£? and B‘fﬂ_b, 1<p,g<o00,0<a,b.
Following [N1, Sto], this isomorphism allows us to define capacity type set func-
tions: given a > 0, 1 < p, ¢ < o0, for any s with 0 < s < a and E C R",
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we set

As,p q( ) = inf{l'gllg,p,q: g > 07 Ja—sg > ]-E} )
where 1 stands for the characteristic function of E. We first show that the a, p, g-
Besov capacity of a set is essentially independent of s.

LEMMA. If0 < s < §' < a, there is a constant C = Cs 4, such that for any
EcCR"”

Aqu( )/C<Aapq( )<CA2pq( )

PROOF. Ifg € By ,920and Jo_59 > 1g, h=Jy_sgisalso >0, Jo_sh > 1g
and ||h||s'p,q < C||g||s,,J q; thus Azpa( ) < A pq(E), Conversely, if 0 < e <
min(1,s) and h € B;‘,’q, h >0, Jo_goh > 1g, consider g = Js_,(|v|), where v is
such that Jg_.v = h; then ¢ > 0, J,_s9 = Jo— 8/(Jsf_e [v])) > Ja—srh > 1 and
lglls.p.q < Cliblls p,g- Therefore, A3, (E) < CAZ, ,(E).

As a consequence, all the Aj , = capacities have the same zero sets; in this sit-
uation we will just write Ay pq(E) = 0 or Ay p4 a.e. without specifying any s
index.

For a given E C R™ we define

[H", A% )(E) = inf{H""%(E,) + A}

a,0,q apq(E2)3E=E1UE2};

as a consequence of the lemma all the [H"~% A; | are equivalent set functions
and in particular all have the same zero sets. In this case we will also write
[H™9, A, 5.4](E) = 0, without specifying the s parameter.
If 1 < p < oo, the embeddings L%, , C B?? C L%_,, e > 0, imply that for some
C,
Ba—ep(E)/C < Aq p.q(E) S CBagep(E);

in particular, if A, 4(E) = 0, E has n — ap Hausdorff dimension. When p =1,
the embeddings [DVS] B3¢ € BiL, C L}, ,.._,,. withr < n/n—a, imply [Ad1]
that H3 °*t¢(E) < C Aj  ,(E )foranye>0 where if 0 < b < n, 0 <d < oo,

H?(E) = inf {Z Q:|* /™ E ¢ | J Q:, Q: cubes, side Q; < d} ;
T

moreover, if a < n, an easy homogeneity argument [Sto] gives 4] ; ,(Q(z,7)) <

Cr*=24; 1,,(Q(1,0)) (Q(z,7) = cube of center z and side 2r), if 0 < r < 1; this

and the countable subadditivity of A3, , imply that A} ; (E) < CH7™*(E).
Another way of defining Besov capacities is by setting for a compact K

Ay po(K) =inf{||fIIf ,q: f€CF f> 1k}

and extending it as an outer capacity to general sets in R™ (see [Ad1, Sto]; re-
placing the BP9 norm with the L? norm we obtain the usual Bessel capacity). It
can then be proved [Sto, Lemma 1] that A3 , (E) = 0 implies A; , .(E) = 0,
1<p,g<oo.

We finally note that functions in BE? are well defined Ay, a.e.; in fact, if
0 < s < min(l,a) and g € B?9, the integral [ J,_s(z — y)g(y)dy is finite for
Agpq a.a. z € R™ [N1, Sto], and as a consequence of the dominated convergence

theorem, [, Ja—s(y)g(z +y) dy tends to O with ¢ for Az p,q a.2. 7.
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3. Maximal operators. Ifa >0, m = [a], f € LP, 1 < p < 00, and Q is a cube
in R™, we denote by Pgf the unique polynomial in P,, = {polynomials of degree
< m} such that for any multi-index J = (j1,...,Jn) € N® with |J| =51+ -+Jn <
m, [o(f(y) — Pof(y))y’ dy =0.

P,f is a best approximation polynomial in the sense that [DVS, p. 17]

inf{lef—Pldy:Per}Aa ]lQ|f—PQf|dy

(A ~ B means A/C < B < CA for some universal constant C); moreover [DVS,
p. 17), if DY = (8/8z1)% - (8/dzp )",

(1) up (1D Po(2): 2 € @) < iR f 1.
Setting for t > 0
Ef(z,t)=sup{]lQ|f—PQf|: z€Q, sideQ=t},
C? is then defined [DVS] as the space of those f € LP such that G,f(z) =
sup{t ®Ef(z,t): t > 0} is also in LP; with the norm ||flla,p = |Ifllp + |Gafllp,

C? becomes a Banach space.
Now, if z € Q' C Q, with Q, Q' having side lengths ¢,t', and we write

Pofy)= Y, Cs(@Q )7/

|J|I<m

and Py f(y) in a similar manner, we have for any |J| < m [Do]

t
(2) 65(Q) = Ca@)1<C | Efz,s)s™V! d_

there estimates can be further refined.

PROPOSITION 1. With z,Q,Q',t,t' as before, if Gof € L and a — |J| < n,

B 1CsQ) - Ca(@)] < Oty / Gaf(z +2,t) dz

[z|<t’
+C |2|*~ V"G, f(z + 2, t) dz,
t'<|z|<t

where G, f(z,t) =sup{s™®Ef(z,s): 0 < s < t}; also, ifa —|J| =n,

t
(@ 01(@) = 0@ S Clog ;[ Guflot 2,0)ds

z|<t
+C Gf(x+zt)log
t'<)z|<t |z |

Finally, if a — |J| > n/p, and s is such that a — |J| > n/s > n/p,

1/s
%) |cJ(Q')-cJ(Q)|sma—M—n/s( Gaf(z+z,t)sdz) .

lz|<t
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PROOF. Denoting by B(z, s) the ball centered at z with radius, (2) implies

t

ICs(Q) - Cy(Q) LC t (][ Ef(z,s) dz) 511 ds
B(z,s) 8

t
<C sa—lJi-"/ Gaf(z,t)dzds
B(z,s)

tl
ds

t K]
<C | s li-n / -t Gof(z+ru,t)dudr | —
0 Sn—l s

t!

and (3) and (4) now follow by Fubini’s theorem. To prove (5), just note that (2)
implies

t 1/s
C@-ca@sc [ r“_“‘(]i ( )G’af(z,r)s) &

1/s
< cte Ml (f Gaf(z,t)sdz) .
B(z,t)

We observe next that G, can be seen as a derivative.

PROPOSITION 2. If f€ B?,a>0,1<p,q<00and0<e<min(l,a), there
is an F € BP? with ||Flle,p,q < || flla,p.q such that G, —ef(z,1) < CF(z).

PROOF. Writing o' =a—e and f = J, g, g € B??, and k = [a'], we then have
[Do, Theorem 4]

oo
Ef(z,t) < Ct* Eg(z,t) + Ct*+1 / s¥ " F-1Eg(z, s) d?s

t

[e o]
, , / d
< Ct* myg(z) + Ct® / s k=11, % g(2) ?S,
1

where m denotes the “local” maximal function
mg(x)=sup{][Q|g|dz:zeQ, @l<1)

and 13(2) = S_le(O,l)(z/S).

Writing now g = Je_g4h, h € BY?, and taking into account that for side Q < 1,
fo Ja(z + 2)dz < CJa(z) [AS, p. 418], it follows that mg < CJe_q(|hl}. Also,
Ay(1s * g)(z) = 15 * (Ayg)(z), and

o0
Ay ( [T tana) d—)
1 S

thus, taking e < 1, it follows that [ s%'~%=11, « g(z) ds/s is in BP9
We can derive now the existence of Taylor polynomials of degree [b] of a given
f€ BP forany bwith0<b<a.

® ds
S/ stk luls*Ayg”p—
P 1 8

< CllAygllp;
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Since BP? C CP?, for any o’ = a —e < a, Gof € LP; thus, if |J| < b and
a —|J| < n/p, (3) and the local estimates for Bessel potentials imply

(6) 1C2(@) - CH(@)| < C /l e @F 2,

with F the BP9 function of Proposition 2. Therefore, as t tends to 0, Cy(Q)
converges A,_|j|,p,q a-€. to a finite limit f;(z) satisfying

(7) 1fa(z) - Cs(Q) < C < Jar—1g)(2)F (2 + 2) dz.

Moreover, if a — |J| > n/p and e, s are chosen so that o’ — |J| > n/s > n/p, (5)
implies that as ¢ tends to 0 C;(Q) converges e.e. to a finite limit f;(z) satisfying

1/s
(8) £5(z) - C5(Q)] < Ct¥' =V ( F(z + 2)° ds) .

l2]<t

If |J] =0, Co(Q) = Pof(z) tends to f(z) a.e. [DVS, p. 9], and thus, redefining
f in a measure 0 set, (7) and (8) can be rewritten as the A, p 4 a.e. estimates

(9) |f(z) = Pof(2)| < C e Jor(2)F(z + 2) dz,
1/s
(10) |f(2) = Pof(2)| < Ct*'~/° (/ F(z+ z)sdz> ;
[2]<t

according to whether o’ < n/p ora’ > n/s > n/p.
Finally, it follows from the above that if 0 < b < a the Taylor polynomial of
degree < b of an f € BP9,

J
Pf(y2)= ) ———fj(f!) !

[J1<b

is defined for A;—pp,q a.a. € R™ (in fact, f coincides with the Jth order weak
partial of f).

4. Differentiability of Lipschitz functions. We now prove Theorem 1. If b
is such that 0 < b < a, writing Q = Q(=z,t), z € R", t > 0, we have

t781f(z +y) — Pof(y,2)| < t7°|f(z +y) — Pof(z+y)
+Ct™ Y (@) - Ca(Q)It!
|7 <b
+Ct Y [Cs Q)
b<|J|
<I(y,z,t) + I(z,t) + I(z, t).

Setting f = Ja—cg, g € BP9, with e < 1 and a — e > b, suppose first a — b < n/p;
using either (7) or (8) depending on whether a — |J| < n/p or a — |J| > n/p,
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we estimate II as

1/s
O(z,t)<C Y tlI7bpelllme (]{K F(:v+z)sdz>
z|<t

71<b
a—|J|>n/p
rc ¥ t“"b/ Jameis|(2)F(z + 2) dz
J1<b =<t
a—|J|<n/p

(the first sum may be empty; for instance, if a < n/p); thus

1/s
Ii(z,t) < C (t"-"-e ( f F(z 4+ 2)° dz)
lz|<t

+ /|z|§t Ja—e—b(z)F(z + Z) dz)

<C Ja—e—b(z)ms(F)(Z+2) dz,
lz|<t
where m,(F) = (m(|F|*))!/*, which if 1 < s < p is again a function in B?? [N1],
and if p = s = 1, just as we did in Proposition 2, can be bounded by CG, where G
is another BP? function. In either case II(z,t) tends to 0 A,_p p 4 a.€. as t goes to
0. When a — b > n/p, the situation is simpler: we just use (6) to obtain

I(z,t) < C ) 170 Ime=n/p|| P, = O||F||pte ="~ "/7,
1<

which, if a — b — e > n/p, tends to 0 e.e.
Turning our attention to III, we write for T > t Q(z,T) as Q*; then

meEn<c| S+ Y |M0sQ) - i@
|71<b |J1<b
a=|J[>n/p  a—|J[<n/p

+C X2 e @);
[J|>b
by (1), the second term is bounded by
Ciflly Z gl 1—bp=1JI-n/p
|J|>b

whereas in the first one the first sum is empty if a —b < n/p, and in any case, using
either (5) or (4) and Proposition 2, it can be bounded by
1/s
Ccto—b=e ( F(z)° dz)
Qﬁ
|J]—-b a—|J|—e-n
+C Z t /tSIzISle' F(z+2)dz

[J]<b
a—|J|<n/p
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We therefore have
1/s
I(z,t) < Cte~b¢ <]l F(z+2)° dz> + C/ |2|]07" " F(z 4 2) dz
Q* Q*

+C|fllp Z tlJI=bp—1Jl-n/p
|J|>b
= A(z,t) + B(z,T) + C(¢,T);

here A and B tend to 0 with T A,_ppq a.e. ifa—b<n/pande.e. ifa—b>n/p;
thus, given any 6 > 0, if z is such a point, we can find a Ty such that for all t < Ty
A(z,t) + B(z,Ts) < 6, and we can find now a ts small enough so that C(t,Ts) < é
for all ¢ < ts. Hence III(z,t) also tends to 0 Ag_p p,q a.€.

Finally we deal with I. If a < n/p, we can write any r < np/n — ap as 1/r =
1/s+ 1/u — 1, with s < p and u < n/n — a; choosing e small enough so that
u<n/n—(a—e), (9) and Young’s inequality imply

1/r 1/s
(][ I(y,z,t)" dy) < Otb-n/rye—e—nin/u (/ F(z +2)° dz)
ly|<t [2|<2¢

1/s
=Cteeb (]l F(z+2)° dz)
|z|<2t

<C Ja—e—b(z)msF(z + Z) dz,
|zl<2t

which tends to 0 Aq—_p p,q a.e. Next, if a > n/p it follows from (10) that if |y| < ¢,

1/s
I(y,z,t) < Cte—b-e (][ F(z + 2)° dz)
|z|<2t

provided a — e > n/s > n/p, and it also tends to 0 Ag—pp,q a.e.; the theorem is
thus proved.

PROOF OF THEOREM 2. If 1 < ¢ < p we have the embedding B2? C C? [DVS,
p. 58] and, as a consequence, if f € B?Y, G, f € LP; thus estimating as before

t01f(z +y) = Pof(y,2)| < 1(y,2,t) + (2, ¢) + MI(z, 1)
and writing for a < n/p, p* = np/n — ap, (9) and Sobolev’s inequality if p > 1 give

1/p* 1/p
(][ I(y,2,t)P dy) <ceet <][ Gof(z+2)P dz)
ly|<t |z|<2t

which as it is well known tends to 0 H*~(¢~b)? 3 e. When p = 1 the same argument
works once we use instead of (9) the estimate

|f(z) - Pof(e)" < C i<t |21*""Ga f(z + 2)" dz,

0 < r <1, proved in [Do, Theorem 5]. If we estimate II(z,t) and III(z,t) as before
it follows that f has a (p*,b) derivative [H"~(a=0)P 4, . ] a.e.
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It may be worth noting that if f € C? the reasoning in Theorems 1 and 2
can be easily modified to obtain (p*,b), (r,b), r < o0, or (0o0,b) differentiability
(depending on whether a < n/p, = n/p or > n/p) for f Bs_s p a.e. if b is an integer
and H"~(2=%)? ae. for nonintegral b. Since L2 C CP? this implies the L? results
mentioned in the Introduction, and also differentiability for functions in the Triebel-
Lizorkin spaces FP?, 1 < p,q < oo (see [Tr] for their definition). We can associate
with these spaces certain capacity type set functions and one could guess that the
above differentiability results should be given with respect to them. This is not
the case however, for D. Adams has recently shown [Ad2] that the F?? capacities,
1 < p,q < o0, are all equivalent with B, , (for C? capacities this is proved in [Do]).

5. Lacunar differentiability. Here we prove Theorem 3. With u € S,,_;, we
estimate as before 2%°|f(z+2%u) — P, f(27%u, )| by (27 *u,z,27%) +11(z,27%) +
I(z,27%), and we consider only the first one, the other two going to 0 for As—bpg
a.a. z. With F € B?9 related to f as before, e small enough, we have again

127k, z,275) < C2kb/ ly — 2 *u|2~¢ " F(z + y) dy
ly—2ku|<2-k

= 02“/ F(z + 27 %u + z)|z|270e"n (/ |z —yl®™" dy) dz
lz|<2-k |z1/4<]z-y|<|z]/2

< 02""/ F(z+2 Fu+2)[o|* 707" (/ |z—y|b_"dy> dz
|z|<2-2—k 3|z|/4<|y|<3]2]/2

< C2k°/ / F(z +27%u 4 2)|2|277¢ 7"z — y|* " dzdy
lyl<4-2—F J2|y|/3<|2|<41yl/3

< C2¥ / [yle~b=en / F(z+2 % u+2)|z —y|" " dzdy
lyl<4-2-k ly—2I1<3ly|

< C/ ly|2 ==~ "T(F)(z + y) dy,
jyl<a-2—*
where if h > 0,

This) = sup2® [ R+ 2 ko) do
lv|<12-2-k
= sup 2“’/ |w — 27*u|>"h(s + w) dw
lw—2-kyu|<12.2-F

= sup2k"/K(2’°w)h(§+w)dw

with K(2) = |z — u|®~™ if |z — u| < 12, and zero otherwise. The kernel K belongs
to L log™ L on its support and therefore Lemmas 1.3 and 1.4 of [CC1] imply that
T is bounded in L?, p > 1, and, in fact, in B??, for we have |Tf(z+y) — T f(z)| <
T(Ayf)(z). Therefore,

e tuna<e | () e ) dy
J<an-

which tends to 0 as k goes to 0o Ag_p,p,q a.e.
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6. Tangential boundary values. We recall first that the complement of the
Lebesgue set of a function in BE9 has zero A, p 4 capacity. Thus, since nontangential
convergence holds on each point of the Lebesgue set, the case b = 0 of Theorem 4
is proved.

Fix next an f € B?9, b such that 0 < b < a, and z € R". If (2,y) € Dy s(x),
s < p, we have for Y = yl-bts/n

Juz, |</|f — J(@)|Py(z - u) dy

= / +/ =1+1]
lz—u|<2Y |z—u|>2Y

since |z —z| <Y, |z—u| > |z—u| - |z — 2] > |z — u|/2, and

IIS/|f(u)—f(x)|Py <I ) /lf z)|Pay(z — u) du

which tends to 0 for all z in the Lebesgue set of f, that is, A, p 4 a.e. Next, if
r =ns/n — bs,

Ig/ 1/ (w) = Pyf(u — 2,2)|P, (u — ) du
|lz—u|<2Y

+C ) |fs(2) |z — uIPy(z - u) du

0<|J|<b lz—u|<2Y

1/r
< ClPy |l (/ |f(w) = Pof(u—z,2)| du)
le—u|<2Y
+C Y @)YV

0<|J|<b
Since f;(z), 0 < |J| < b, is finite for A,_p p q a.a. z, the second term tends to 0
Aa_bp,q a.e. The first term can be estimated by

1/r
Cy~/TybHn/ry —b <][ |f(z+u) — Ppf(u, z)l’)
lul<2Y

1/r
<cy~ (f If(z+U)—be(u,x)l’) )
lul<2Y

for Y = y°/7, and it tends to 0 Aa—b,p,q a.e. by Theorem 1. This proves Theorem
4 in the range 1 < ¢ < oo; if 1 < ¢ < p we proceed in just the same way, using
now Theorem 2 to obtain convergence inside Dy ,(z) for [H"~(@=0P 4, . ] a.a.
z€R™.
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